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Abstract
In this paper the existence of two types of edge-switchable (K4 − e, λ)-designs are investigated. It is established that the
necessary conditions for a Type I switchable (λKv, K4 − e)-design is λ(v − 1) ≡ 0 (mod 5), v ≥ 4, and these conditions
are also sufficient except for (v, λ) = (11, 1). The necessary conditions for a Type II switchable (λKv, K4 − e)-design are
λv(v − 1) ≡ 0 (mod 10), v ≥ 4, and these conditions are also sufficient with a small number of possible exceptions.
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Let G and H be simple finite graphs, and let λH denote the graph H with each of its edges replicated λ times. A
λ-fold G-design of λH ((λH,G)-design in short) is a pair (X,B) where X is the vertex set of H and B is a collection
of isomorphic copies (called blocks) of the graph G whose edges partition the edges of λH . If H is a complete graph
Kn , we refer to such a λ-fold G-design as one of order n. If λ = 1, we drop the term “1-fold”.
The graph Kn denotes the complete graph with n vertices. The graph Kn\Km has a vertex set of order n containing a
distinguished subset of order m; the edge-set of Kn \Km is the same as the edge-set of Kn but with
(m
2
)
edges between
the m distinguished vertices removed. This graph is sometimes referred to as a complete graph of order n with a hole
of size m. The graph Kn1,n2,...,nt denotes the complete multipartite graph with t-parts. Kn \ Km can be regarded as
K1,...,1,m with n − m 1’s.
Let H be a partition of X into subsets called holes. Let H = {X1, X2, . . . , X t } with |X i | = ni for 1 ≤ i ≤ t .
Let Kn1,n2,...,nt be the complete multipartite graph on X with the i-part (or i-hole) on X i . A λ-fold holely G-design
((G, λ)-HD in short) is a triple (X,H,B) where (X,B) is a (λKn1,n2,...,nt ,G)-design. The hole-type of the HD is{n1, n2, . . . , nt }. We usually use an “exponential” notation to describe hole-types: the hole-type 1i 2 j 3k . . . denotes i
occurrences of 1, j occurrences of 2, etc.
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Let G be a simple finite graph. V (G) and E(G) denote the vertex-set and edge-set of G, respectively. For an edge
 ∈ E(G), G −  denotes the graph obtained from G by deleting the edge . If ′ 6∈ E(G) and V (′) ⊆ V (G), G + ′
denotes the graph obtained from G by adding the edge ′. An edge  of graph G is said to be admissible if the graph
(G − )+ ′ is isomorphic to G for some edge ′ 6∈ E(G) and V (′) ⊆ V (G).
Let (X,H,B) be a (G, λ)-HD and  a fixed admissible edge of graph G. For each block B ∈ B, delete an edge
B ∈ E(B) (called -edge of B) such that the graph B − B is isomorphic to G − . Define D = {B : B ∈ B}
(called a -set of (X,B)). If there exists a bijection σ between B and D such that V (σ (B)) ⊆ V (B), σ(B) 6= B and
the graph [(B − B)+ σ(B)] ∼= G for each B ∈ B, then we call (X,H,B) -switchable. Note that if λ > 1B and D
are multiset. The repeated elements in them are regarded as different.
For each B ∈ B, (B−B)+σ(B) is called an -transformation of B. Let B′ = {(B−B)+σ(B) : B ∈ B}. It is easy
to see that (X,H,B′) is also a (G, λ)-HD of the same type as (X,H,B). (X,H,B′) is said to be an -transformed
design of (X,H,B).
For simple finite graphs G and H , we can similarly define -switchable (λH,G)-design.
The concept of diagonally switchable 4-cycle systems was introduced by Adam et al. [5] to provide more
information on 4-cycle systems studied in [9]. For some intrinsic interest to design theory, three of the present authors
in [10] introduced the generalized concept of -transformed designs. Interestingly, in [7] Bermond et al. made use
of hill-climbing approach, based on the switchability of K4 − e designs, to find some (H, K4 − e)-designs to settle
the grooming problem when five signals can be packed into a stream, which provides partially some motivation for
studying -switchable designs.
In what follows we will denote the copy of K4 − e with vertices a, b, c, d and the edge {c, d} removed by
[a, b, c − d]. If  is edge {a, b}, then an -switchable (λKv, K4 − e)-design is said to be of Type I. If  is edge {a, c}
(or {b, c}, {b, d}, {a, d}), an -switchable (λKv, K4 − e)-design is said to be of Type II.
In this paper we will investigate the existence of the two types of -switchable (λKv, K4 − e)-design. As the main
results, we have to prove the following theorems.
Theorem 1.1. The necessary conditions for a Type I switchable (λKv, K4− e)-design are λ(v− 1) ≡ 0 (mod 5) and
v ≥ 4. These conditions are also sufficient, except for (v, λ) = (11, 1).
Theorem 1.2. The necessary conditions for a Type II switchable (λKv, K4 − e)-design are λv(v − 1) ≡ 0 (mod 10)
and v ≥ 4. These conditions are also sufficient, except for (v, λ) ∈ {(5, 1), (6, 1), (10, 1), (15, 1)} and possibly for
λ = 1 and v ∈ {56, 116} ∪ {20, 30, 60, 65, 85, 90, 95, 100, 105, 110, 115, 120, 135, 140, 155, 165, 170, 190}.
2. Recursive constructions
A group-divisible design (or GDD) with index λ is a triple (X,H,A), which satisfies the following properties:
(1) H is a partition of X into subsets called groups.
(2) A is a set of subsets of X (called blocks) such that a group and a block contain at most one common point.
(3) Every pair of points from distinct groups occurs in exactly λ blocks.
The group-type of a GDD (X,H,A) is the multiset {| H |: H ∈ H}. We also usually use an “exponential” notation
to describe group-types: the group-type 1i 2 j 3k . . . denotes i occurrences of 1, j occurrences of 2, etc. We call the
GDD (X,H,A) a (K , λ)-GDD if | A |∈ K for every A ∈ A. A ({k}, λ)-GDD is briefly written as (k, λ)-GDD. A
(v, K , λ)-PBD is a (K , λ)-GDD of type 1v , and a (v, {k}, λ)-PBD is a (v, k, λ)-BIBD.
A transversal design (TD) TD(k, n) is a GDD of group type nk and block size k. It is well known that a TD(k, n)
is equivalent to k − 2 mutually orthogonal Latin squares (MOLS) of order n. We have the following existence results
for TDs with k = 4, 6:
Lemma 2.1 ([1,3]).
1. A TD(4,m) exists for all integers m ≥ 3 except for m = 6.
2. A TD(6,m) exists for all integers m > 4 except for m = 6 and possibly for m ∈ {10, 14, 18, 22}.
3. A TD(q + 1, q) exists for any prime power q.
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The following Constructions 2.2–2.4 are well described in [10]. The first one is a variation of Wilson’s Fundamental
Construction in [14].
Construction 2.2 (Weighting Construction). Let  be a fixed admissible edge of graph G. Suppose (X,H,A) is a
(K , λ)-GDD, and let ω : X 7−→ Z+ ∪ {0} be any function (we refer to ω as a weighting). For every x ∈ X, let S(x)
be a set of ω(x) “copies” of x. For every A ∈ A, suppose that
(∪x∈A S(x), {S(x) : x ∈ A},BA)
is an -switchable (G, µ)-HD with hole-type {ω(x) : x ∈ A} and bijection σA : BA 7→ D(A), where D(A) = {eB :
B ∈ BA}. Then
(∪x∈X S(x), {∪x∈H S(x) : H ∈ H} ,∪A∈A BA)
is an -switchable (G, λµ)-HD with hole-type {∑x∈H ω(x) : H ∈ H} and bijection
σ : ∪A∈A BA 7−→ ∪A∈A D(A),
where σ(B) = σA(B) if there exists a block A ∈ A such that B ∈ BA.
Construction 2.3 (PBD-Construction). Let  be a fixed admissible edge of graph G. Suppose that there exists a
(v, L , 1)-PBD. For each l ∈ L, there exists an -switchable (G, λ)-HD of hole-type gl , then so does an -switchable
(G, λ)-HD of hole-type gv .
Construction 2.4 (Filling Subdesigns). Let a be a nonnegative integer and  be a fixed admissible edge of graph
G. Suppose that there exists an -switchable (G, λ)-HD of hole-type {n1, n2, . . . , nt }. If there exists an -switchable
(λ(Kni+a \ Ka),G)-design for each 1 ≤ i ≤ t − 1, then so does an -switchable (λ(Kv+a \ Knt+a),G)-design where
v = ∑ti=1 ni . If further there exists an -switchable (λKnt+a,G)-design, then so does an -switchable (λKv+a,G)-
design.
Construction 2.5 (Repeating Blocks). Let  be a fixed admissible edge of graph G. If there exists an -switchable
(λH,G)-design, then so does an -switchable (µλH,G)-design for any positive integer µ.
Construction 2.6 (Inflation). If there exists a Type I (or Type II) switchable (K4 − e, λ)-HD of type mt11 mt22 · · ·mtss ,
then so does a Type I (or Type II) switchable (K4 − e, λ)-HD of type (lm1)t1(lm2)t2 · · · (lms)ts whenever l ≥ 3 and
l 6= 6.
Proof. Suppose that (X,G,B) is a Type I (or Type II) (K4 − e, λ)-HD of type mt11 mt22 · · ·mtss with G ={G1,G2, . . . ,Gn} where n =∑si=1 ti . There exists a T D(4, l) on Y by Lemma 2.1. We will construct a (K4 − e, λ)-
HD of type (lm1)t1(lm2)t2 · · · (lms)ts on X × Y with hole-set H = {G1 × Y,G2 × Y, . . . ,Gn × Y }.
For each B = [x, y, z − u] ∈ B, let AB consist of the following (K4 − e)-blocks: {(x, a), (y, b), (z, c)− (u, d)},
where (a, b, c, d) ∈ T D(4, l). Let A = ∪B∈BAB . It is readily checked that (X × Y,H,A) is a Type I (or Type II)
switchable (K4 − e, λ)-HD with type (lm1)t1(lm2)t2 · · · (lms)ts . 
Lemma 2.7 ([8,11]). Necessary and sufficient conditions for the existence of a (λKv, K4−e)-design are λv(v−1) ≡
0 (mod 10) and (v, λ) 6= (5, 1).
We quote the following known results for later use.
Lemma 2.8 ([2]). There exists a (v, {4, 5, 6, 7, 8}, 1)-PBD for any integer v 6∈ {9, 10, 11, 12, 14, 15, 18, 19, 23}.
Lemma 2.9 ([6]). There exists a (v, {5, 6}, 1)-PBD for any integer v ≡ 0, 1 (mod 5) and v 6∈ {10, 11, 15,
16, 20, 35, 40, 50, 51, 80}.
Lemma 2.10 ([13]). There exists a (v, {5, 6, 7, 8, 9}, 1)-PBD for any integer v 6∈ {10, 11, 12, 13, 14, 15, 16, 17, 18,
19, 20, 22, 23, 24, 27, 28, 29, 32, 33, 34}.
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Lemma 2.11 ([4]). There exists a (v, 6, 1)-BIBD for any integer v ≡ 1, 6 (mod 15) and v ≥ 31 except for v ∈
{36, 46} and possibly for v ∈ {51, 61, 81, 166, 226, 231, 256, 261, 286, 316, 321, 346, 351, 376, 406, 411, 436, 441,
471, 501, 561, 591, 616, 646, 651, 676, 771, 796, 801}.
Lemma 2.12 ([12]). There exists a (v, {8, 9, 10}, 1)-PBD for any integer v ≥ 583.
3. Switchable (λKv, K4 − e)-design of Type I
In this section we always assume that if B = [a, b, c− d] is one of the blocks of a (λKv, K4 − e)-design, then the
corresponding Type I transformation of B is [c, d, a − b].
Lemma 3.1. If there exists a Type I switchable (λKv, K4 − e)-design, then λ(v − 1) ≡ 0 (mod 5) and v ≥ 4.
Proof. Let (X,B) be a Type I switchable (λKv, K4 − e)-design. For each block B = [a, b, c − d] of B, the
corresponding Type I transformation of B is B ′ = [c, d, a − b]. Let B′ = {B ′ : B ∈ B}. Then (X,B′) is also a
(λKv, K4 − e)-design.
For any x ∈ X , denote by di (x), i = 2, 3, the number of blocks in B in which the degree of x is i . Since both
(X,B) and (X,B′) are (λKv, K4 − e)-designs, by counting the pairs containing x in both B and B′ we have
2d2(x)+ 3d3(x) = λ(v − 1),
3d2(x)+ 2d3(x) = λ(v − 1).
Solving the equations gives d2(x) = d3(x) for any x ∈ X . Hence, λ(v − 1) ≡ 0 (mod 5) and v ≥ 4. 
3.1. The case of λ = 1
Lemma 3.2. There does not exist a Type I switchable (K11, K4 − e)-design.
Proof. If (I11,B) would be a Type I switchable (K11, K4 − e)-design where I11 = {0, 1, . . . , 10}. For any x ∈ I11,
denote by di (x), i = 2, 3, the number of blocks in B in which the degree of x is i . By the proof in Lemma 3.1, we
have d2(x) = d3(x) = 2 for any x ∈ I11.
Without loss of generality we can assume that the four blocks containing 0 in B are as follows: [0, 1, 2 − 3],
[0, 4, 5− 6], [7, 8, 0− 1], [9, 10, 0− 4].
Note that if [a, b, c − d] ∈ B then there are two distinct elements x, y ∈ I11 \ {a, b} such that [x, y, a − b] ∈ B in
a Type I switchable (K11, K4 − e)-design. It is not difficult to see that the unordered pair {1, 4} cannot be contained
in any block. 
Lemma 3.3. There exists a Type I switchable (Kv, K4 − e)-design for v = 6, 16, 21, 41.
Proof. Let X = Zv and (X,B) be a Type I switchable (Kv, K4 − e)-design. The required base blocks are:
v = 6: [1, 4, 0− 3].
v = 21: [1, 9, 0− 4], [10, 14, 0− 8].
v = 41: [1, 7, 0− 3], [8, 11, 0− 36], [15, 10, 0− 32], [27, 18, 0− 6].
For v = 6, develop the corresponding base block by +2 modulo v. For v = 21, 41, develop the corresponding base
blocks by +1 modulo v.
For v = 16, a Type I switchable (K16, K4 − e)-design (Z16,B) is constructed by listing its blocks as follows:
[1, 2, 3− 4], [3, 4, 5− 8], [5, 8, 11− 12], [11, 12, 1− 2],
[1, 5, 6− 7], [6, 7, 2− 8], [2, 8, 13− 14], [13, 14, 1− 5],
[1, 8, 9− 10], [9, 10, 2− 5], [2, 5, 15− 0], [15, 0, 1− 8],
[3, 6, 10− 12], [10, 12, 13− 15], [13, 15, 9− 11], [9, 11, 3− 6],
[3, 7, 13− 0], [13, 0, 4− 6], [4, 6, 14− 15], [14, 15, 3− 7],
[4, 7, 9− 12], [9, 12, 14− 0], [14, 0, 10− 11], [10, 11, 4− 7]. 
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Let p ≡ 1 (mod n) be a prime power and ω ∈ G F(p) be a primitive element. Let Cn0 denote the multiplicative
subgroup {win : 0 ≤ i < (p − 1)/n} of the nth powers in G F(p) and Cnj denote the coset of Cn0 in G F(p)∗,
i.e. Cnj = w j · Cn0 , 0 ≤ j ≤ n − 1.
Lemma 3.4. Let p ≡ 1 (mod 10) be a prime power. If there exists a pair (x, y) satisfying the following conditions:
(1) {x − 1, y, y − 1, y − x} is a representative system for {C51 ,C52 ,C53 ,C54};
(2) x and y − 1 belong to the same coset class C5j , 1 ≤ j ≤ 4.
Then there exists a Type I switchable (K p, K4 − e)-design.
Proof. Note that −1 ∈ C50 . Hence {1,−1} is a subgroup of C50 . By the hypothesis, there exists a pair (x, y) satisfying
the conditions (1) and (2) of Lemma 3.4. We construct a (K p, K4 − e)-design (G F(p),B) with the base blocks
developing in (G F(p),+) as follows: [r, r y, 0 − r x], where r runs over all representatives of the quotient group
C50/{1,−1}. It is readily checked that the list of differences arising from these base blocks does cover each element of
G F(p)∗ exactly once. Hence (G F(p),B) is a (K p, K4 − e)-design. Note that for each block B = [a, b, c − d] ∈ B,
the corresponding Type I transformation of B is [c, d, a − b]. It is not difficult to check that (G F(p),B) is of Type I
switchable. 
Lemma 3.5. There exists a Type I switchable (K p, K4 − e)-design for p = 61, 71, 81, 101, 121.
Proof. For each given prime power p, we apply Lemma 3.4 with the following parameters:
(p, x, y) (p, x, y) (p, x, y)
(61, 27, 52) (71, 53, 6) (81, 1+ a, 2+ a + a3)
(101, 35, 77) (121, 3+2a, 2+5a)
where for p = 81 and 121 a is a primitive element of G F(p) satisfying 2 + a + a4 = 0 and 6 + 3a + a2 = 0,
respectively. 
Lemma 3.6. There exists a Type I switchable (Kv, K4−e)-design for v = 31, 66, 76, 91, 96, 106, 111, 136, 156, 171,
186.
Proof. For each given v, there exists a (v, 6, 1)-BIBD by Lemma 2.11. Applying Construction 2.3 with L = {6} and
g = 1, we have a Type I switchable (Kv, K4 − e)-design. The needed Type I switchable (K4 − e, 1)-HD of hole-type
16 is from Lemma 3.3. 
Lemma 3.7. There exists a Type I switchable (K4−e, 1)-HD of hole-type gn for (g, n) ∈ {(2, 6), (5, 5), (5, 9), (5, 10),
(5, 11), (5, 17), (5, 23), (10, 7), (20, 8)}.
Proof. For (g, n) ∈ {(5, 9), (5, 11), (5, 17), (5, 23), (10, 7), (20, 8)}, let H = {nZgn + i : 0 ≤ i ≤ n − 1}. A Type
I switchable (Kg,...,g, K4 − e)-design (Zgn,H,B) is constructed by developing the following base blocks by +1
modulo gn:
(g, n) = (5, 9): [1, 40, 0− 3], [12, 15, 0− 31], [21, 7, 0− 32], [17, 4, 0− 39].
(g, n) = (5, 11): [1, 7, 0− 3], [13, 16, 0− 45], [18, 8, 0− 38], [5, 43, 0− 19],
[15, 34, 0− 6].
(g, n) = (5, 17): [9, 27, 0− 38], [12, 50, 0− 26], [1, 60, 0− 5], [2, 7, 0− 22],
[3, 66, 0− 43], [6, 48, 0− 16], [28, 44, 0− 77], [13, 21, 0− 67].
(g, n) = (5, 23): [10, 27, 0− 38], [13, 51, 0− 29], [14, 100, 0− 32], [1, 33, 0− 3],
[4, 7, 0− 12], [24, 36, 0− 96], [25, 44, 0− 78], [6, 84, 0− 26],
[39, 65, 0− 106], [40, 49, 0− 94], [35, 56, 0− 98].
(g, n) = (10, 7): [6, 67, 0− 17], [1, 54, 0− 23], [2, 25, 0− 40], [4, 44, 0− 62],
[5, 13, 0− 46], [10, 34, 0− 61].
(g, n) = (20, 8): [9, 12, 0− 22], [5, 143, 0− 19], [11, 30, 0− 45], [18, 63, 0− 38],
[21, 59, 0− 102], [1, 103, 0− 107], [2, 109, 0− 76], [6, 90, 0− 55],
[7, 62, 0− 123], [23, 60, 0− 131], [39, 68, 0− 133], [42, 69, 0− 119],
[26, 67, 0− 113], [28, 75, 0− 157].
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For (g, n) ∈ {(2, 6), (5, 10)}, let H = {nZgn + i : 0 ≤ i ≤ n − 1}. A Type I switchable (Kg,...,g, K4 − e)-design
(Zgn,H,B) is constructed by developing the following base blocks by +2 modulo gn:
(g, n) = (2, 6): [1, 4, 3− 0], [2, 5, 9− 0].
(g, n) = (5, 10): [1, 5, 0− 2], [4, 6, 0− 13], [12, 25, 0− 34], [42, 26, 0− 21],
[14, 35, 0− 37], [19, 32, 0− 47], [9, 12, 1− 45], [17, 11, 0− 43],
[17, 24, 1− 5].
For (g, n) = (5, 5), let H = {Z5 × {i} : i ∈ Z5}. A Type I switchable (K5,...,5, K4 − e)-design (Z5 × Z5,H,B) is
constructed by listing all blocks in Z5 × Z5 as follows:
[(i, j), (1+ i, 1+ j), (i, 2+ j)− (2+ i, 4+ j)],
[(i, j), (2+ i, 2+ j), (i, 4+ j)− (4+ i, 3+ j)], i, j ∈ Z5. 
Lemma 3.8. There exists a Type I switchable (K4 − e, 1)-HD of hole-type gn for (g, n) ∈ {(5, 6), (6, 6)}.
Proof. By Lemma 3.3, there exists a Type I switchable (K4 − e, 1)-HD of hole-type 16. Apply Construction 2.6 with
l = 5 to obtain a Type I switchable (K4 − e, 1)-HD of hole-type 56.
By Lemma 3.7, there exists a Type I switchable (K4−e, 1)-HD of hole-type 26. Apply Construction 2.6 with l = 3
to obtain a Type I switchable (K4 − e, 1)-HD of hole-type 66. 
Lemma 3.9. There exists a Type I switchable (Kv, K4− e)-design for v = 26, 36, 46, 51, 56, 86, 116, 161, 166, 286.
Proof. For v ∈ {26, 36, 46, 51, 56, 86, 116, 161}, start from a Type I switchable (K4 − e, 1)-HD of hole-type gn
for (g, n) ∈ {(5, 5), (6, 6), (5, 9), (5, 10), (5, 11), (5, 17), (5, 23), (20, 8)} from Lemmas 3.7 and 3.8, and apply
Construction 2.4 with a = 0 or 1 to obtain the required designs. The needed (K6, K4 − e)-design and (K21, K4 − e)-
design are from Lemma 3.3.
For v = 166, start from a Type I switchable (K4− e, 1)-HD of hole-type 55 from Lemma 3.7 and adjoin an infinite
point to fill its holes with a Type I switchable (K6, K4 − e)-design from Lemma 3.3 to obtain a Type I switchable
(K26 \ K6, K4 − e)-design by Construction 2.4. By Construction 2.4, fill a Type I switchable (K4 − e, 1)-HD of
hole-type 208 with a Type I switchable (K26 \ K6, K4 − e)-design and a Type I switchable (K6, K4 − e)-design to
obtain the required design.
For v = 286, start from a Type I switchable (K4− e, 1)-HD of hole-type 59 from Lemma 3.7 and adjoin an infinite
point to fill its holes with a Type I switchable (K6, K4 − e)-design from Lemma 3.3 to obtain a Type I switchable
(K46 \ K6, K4 − e)-design by Construction 2.4. By Construction 2.6 inflate a Type I switchable (K4 − e, 1)-HD
of hole-type 107 from Lemma 3.7 with l = 4 to obtain a Type I switchable (K4 − e, 1)-HD of hole-type 407. By
Construction 2.4, fill in holes with a Type I switchable (K46\K6, K4−e)-design and a Type I switchable (K46, K4−e)-
design to obtain the required design. 
Lemma 3.10. There exists a Type I switchable (K5n+1, K4 − e)-design for any 1 ≤ n ≤ 57 and n 6= 2.
Proof. By Lemmas 3.3, 3.5, 3.6 and 3.9, we remain to deal with the cases of n = 25, 26, 28, 29, 30, 35, 36, 38− 56.
For these orders, n can be written as 5t + s for suitable integers t and s, where t = 5, 7, 8, 9, 11, 0 ≤ s ≤ t and
s 6= 2. By Lemma 2.1 there exists a T D(6, t). In the last group of the T D(6, t), we give s points a weight of 5 and
the remaining t − s points a weight of zero. Give all the other points of the TD a weight of 5. By Lemmas 3.7 and
3.8 there exist Type I switchable (K4 − e, 1)-HDs of hole-types 55 and 56. Applying Construction 2.2 we get a Type
I switchable (K4 − e, 1)-HD of hole-type (5t)5(5s)1. Note that there exist Type I switchable (K5t+1, K4 − e)-design
and (K5s+1, K4 − e)-design by Lemmas 3.3, 3.6 and 3.9. We then have a Type I switchable (K5n+1, K4 − e)-design
by Construction 2.4 with a = 1. 
Theorem 3.11. There exists a Type I switchable (K5n+1, K4 − e)-design for any integer n ≥ 1 except for n = 2.
Proof. Use induction on n. For 1 ≤ n ≤ 57 and n 6= 2, the conclusion follows by Lemmas 3.2 and 3.10.
For each n ≥ 58, n can be written as 5t + s for suitable integers t and s, where t ≥ 11, t 6= 14, 18, 22 and
3 ≤ s ≤ t . By Lemma 2.1 there exists a T D(6, t). In the last group of the T D(6, t), we give s points a weight of 5
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and the remaining t − s points a weight of zero. Give all the other points of the TD a weight of 5. By Lemmas 3.7 and
3.8 there exist Type I switchable (K4 − e, 1)-HDs of hole-types 55 and 56. Apply the Weighting Construction to get a
Type I switchable (K4 − e, 1)-HD of hole-type (5t)5(5s)1. By the inductive hypothesis, there exist Type I switchable
(K5t+1, K4 − e)-design and (K5s+1, K4 − e)-design. We then have a Type I switchable (K5n+1, K4 − e)-design by
Construction 2.4 with a = 1. 
3.2. The case of λ > 1
Lemma 3.12. Let q ≥ 5 be an odd prime power and t ≤ (q − 1)/2 be a non-negative integer. Then there exists a
Type I switchable (5(Kq+t \ Kt ), K4 − e)-design.
Proof. Let Fq be a finite field with q elements. Let g1, . . . , g(q−1)/2 be all representatives in the quotient group
F∗q /{1,−1}. Choose two elements x, y ∈ F∗q such that x 6= ±y. We construct a (λ(Kq+t \ Kt ), K4 − e)-design
(Fq ∪ {∞1, . . . ,∞t },B) by listing the base blocks in (Fq ,+):
[∞i , ygi , xgi − (x + y)gi ], [0, ygi ,∞i − (x + y)gi ], where i = 1, . . . , t,
[0, yg j , xg j − (x + y)g j ], where j = t + 1, . . . , (q − 1)/2.
It is readily checked that (Fq ∪ {∞1, . . . ,∞t },B) is Type I switchable. 
Lemma 3.13. There exists a Type I switchable (5Kv, K4 − e)-design for any integer v ≥ 4.
Proof. For v = 4, a Type I switchable (5K4, K4 − e)-design (Z3 ∪ {∞},B) is constructed by developing the base
blocks by +1 modulo 3: [∞, 0, 1 − 2], [0, 1, 2 −∞]. For each v ∈ {5, 6, 7, 8}, v can be written as q + t by taking
(q, t) = (5, 0), (5, 1), (7, 0) and (7, 1), respectively. By Lemma 3.12 there exists a Type I switchable (5Kv, K4 − e)-
design.
For any integer v ≥ 4 and v 6∈ {9, 10, 11, 12, 14, 15, 18, 19, 23}, there exists a (v, {4, 5, 6, 7, 8}, 1)-PBD from
Lemma 2.8. Hence there exists a Type I switchable (5Kv, K4 − e)-design by Construction 2.3 with g = 1.
For v = 9, 11, 19, 23, by Lemma 3.12 there exists a Type I switchable (5Kv, K4 − e)-design by taking q = v
and t = 0. For v = 10, 12, 14, 18, by Lemma 3.12 there exists a Type I switchable (5Kv, K4 − e)-design by taking
q = v − 1 and t = 1. For v = 15, by Lemma 3.12 there exists a Type I switchable (5(K11+4 \ K4), K4 − e)-design
and fill it with a Type I switchable (5K4, K4 − e)-design to obtain a Type I switchable (5K15, K4 − e)-design. 
Proof of Theorem 1.1. The necessity follows from Lemma 3.1. If λ ≡ 0 (mod 5), by Construction 2.5 and
Lemma 3.13 the assertion holds immediately. We remain to deal with the case of λ 6≡ 0 (mod 5).
For (v, λ) ∈ {(11, 2), (11, 3)}: A Type I switchable (λKv, K4− e)-design (Zv,B) is constructed by developing the
base blocks by +1 modulo v:
(v, λ) = (11, 2): [1, 5, 0− 2], [2, 4, 0− 7].
(v, λ) = (11, 3): [1, 4, 0− 2], [3, 5, 0− 9], [1, 3, 0− 8].
By Construction 2.5 and Theorem 3.11, the conclusion follows immediately. 
4. Switchable (λKv, K4 − e)-design of Type II
Let B = [a, b, c−d] be one of the blocks of a (λKv, K4− e)-design. The corresponding Type II transformation of
B is [b, c, a − d], or [b, d, a − c], or [a, d, b− c], or [a, c, b− d]. For convenience in this section we always assume
that the corresponding Type II transformation of B is [b, c, a − d].
4.1. The nonexistence of small orders
Lemma 4.1. There does not exist a Type II switchable (Kv, K4 − e)-design for v = 5, 6, 10.
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Proof. By Lemma 2.7 there does not exist a Type II switchable (K5, K4 − e)-design.
Let X = {0, 1, . . . , v−1} and (X,B) be a Type II switchable (Kv, K4−e)-design. For each block B = [a, b, c−d]
of B, the corresponding Type II switchable transformation of B is B ′ = [b, c, a − d]. Let B′ = {B ′ : B ∈ B}. Then
(X,B′) is also a (Kv, K4 − e)-design.
For any x ∈ X denote by di (x), i = 2, 3, the number of blocks in B in which the degree of x is i . It follows that
2d2(x)+ 3d3(x) = v − 1.
For v = 6, solving the above equation gives only one solution: d2(x) = d3(x) = 1. It follows that without loss of
generality we can assume that the blocks containing 0 in B are [0, 1, 2 − 3] and [4, 5, 0 − ∗] (or [4, 5, ∗ − 0]). Thus
the block containing edge {2, 3} in B is of the form [2, 3, A− B] (or [3, 2, A− B]), where A, B ∈ {4, 5}. But its Type
II switchable transformation is: [3, A, 2− B] (or [2, A, 3− B]). Observing the Type II switchable transformation of
[0, 1, 2− 3], we have that edge {2, 3} occurs in B′ twice. That is a contradiction.
For v = 10, solving the equation 2d2(x)+ 3d3(x) = 9 gives two possibilities:
(1) d2(x) = 0 and d3(x) = 3 (we call such element x a-element);
(2) d2(x) = 3 and d3(x) = 1 (we call such element x b-element).
Denote by α and β the number of a-elements and b-elements, respectively. Since each block of B contains exactly
two elements with degree 3, we have α + β = |X | = 10, and 3α + β = 2|B| = 18. It follows that (α, β) = (4, 6).
It is easy to see that any j-element in (X,B) is also a j-element in (X,B′) for any j ∈ {a, b}. Now, let 1 and 2 be
a-elements in B. Note that the block of B that contains the edge {1, 2} is transformed into a block of B′. It is easy to
see that 1 or 2 is not an a-element in B′ and it is a contradiction. 
Lemma 4.2. There does not exist a Type II switchable (K15, K4 − e)-design.
Proof. Let X = {0, 1, . . . , 14} and (X,B) be a Type II switchable (K15, K4−e)-design. For each block B = [a, b, c−
d] of B, the corresponding Type II switchable transformation of B is B ′ = [b, c, a− d]. Let B′ = {B ′ : B ∈ B}. Then
(X,B′) is also a (K15, K4 − e)-design.
For any x ∈ X denote by di (x), i = 2, 3, the number of blocks in B in which the degree of x is i . It follows that
2d2(x)+ 3d3(x) = 14. Solving the equation we have:
(1) d2(x) = 1 and d3(x) = 4 (such element x is called a-element);
(2) d2(x) = 4 and d3(x) = 2 (such element x is called b-element);
(3) d2(x) = 7 and d3(x) = 0 (such element x is called c-element).
Obviously there exists at most one c-element. Otherwise if x1 and x2 are two distinct c-elements, then the pair {x1, x2}
cannot appear in any block of B.
Denote by α, β, γ the number of a-elements, b-elements and c-elements, respectively. Since each block of B
contains exactly two elements with degree 3, we have α + β + γ = |X | = 15, and 4α + 2β = 2|B| = 42, where
γ ∈ {0, 1}. It follows that (α, β, γ ) ∈ {(6, 9, 0), (7, 7, 1)}.
For any x ∈ X , denote by d ′i (x), i = 2, 3, the number of blocks in B in which the degree of x is i in B ∈ B, but
5− i in its corresponding Type II transformation B ′. Similarly, denote by d ′′i (x), i = 2, 3, the number of blocks in B
in which the degree of x is i in both B ∈ B and its corresponding Type II transformation B ′.
Since both (X,B) and (X,B′) are (K15, K4 − e)-designs, by counting the pairs containing x in both B and B′ we
have {
2d ′2(x)+ 3d ′3(x)+ 2d ′′2 (x)+ 3d ′′3 (x) = 14,
3d ′2(x)+ 2d ′3(x)+ 2d ′′2 (x)+ 3d ′′3 (x) = 14.
It follows that d ′2(x) = d ′3(x) for any x ∈ X .
Hence, for any a-element x ∈ X , there exist 3 blocks containing x in the form of [∗, x, ∗ − ∗]. The other 2 blocks
containing x are in the form of [∗, x, ∗ − ∗], [∗, ∗, ∗ − x] or [∗, ∗, x − ∗], [x, ∗, ∗ − ∗]. It is easy to see that the first
configuration is impossible. Otherwise if [y, ∗, ∗ − x] ∈ B, then the pair {x, y} cannot appear in any block of B′.
Similarly, for any b-element y ∈ X , there exist 2 blocks containing y in the form of [∗, ∗, ∗− y]. The other 4 blocks
containing y are in the form of [∗, ∗, y − ∗], [∗, ∗, y − ∗], [y, ∗, ∗ − ∗], [y, ∗, ∗ − ∗] or [∗, ∗, y − ∗], [∗, ∗, ∗ − y],
[y, ∗, ∗ − ∗], [∗, y, ∗ − ∗] or [∗, ∗, ∗ − y], [∗, ∗, ∗ − y], [∗, y, ∗ − ∗], [∗, y, ∗ − ∗]. For any c-element z ∈ X , there
exist 7 blocks containing z in the form of [∗, ∗, ∗ − z].
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Case 1. For the case of (α, β, γ ) = (7, 7, 1), let {1, 2, 3, 4, 5, 6, 7} and {8, 9, 10, 11, 12, 13, 14} be the set of
a-elements and b-elements, respectively. Let 0 be the only c-element.
Since for any a-element x ∈ X , there are exactly 3 blocks containing x in the form of [∗, x, ∗−∗], there are totally
21 blocks (i.e. all blocks) containing a-elements, each in the form of [∗, x, ∗ − ∗], where x is some a-element. Since
the blocks containing c-element 0 are in the form of [∗, ∗, ∗ − 0], without loss of generality we can assume that B
contains the following 7 blocks
[8, 1, y1 − 0], [9, 2, y2 − 0], [10, 3, y3 − 0], [11, 4, y4 − 0],
[12, 5, y5 − 0], [13, 6, y6 − 0], [14, 7, y7 − 0],
where {y1, y2, y3, y4, y5, y6, y7} = {8, 9, 10, 11, 12, 13, 14}. Let C denote the set of the remaining 14 blocks in B.
We need the following notations.
n1: the number of blocks of C containing only one a-element x in the form of [∗, x, ∗ − ∗].
n2: the number of blocks of C containing only two a-elements x1 and x2 in the form of [∗, x1, x2 − ∗].
n3: the number of blocks of C containing only two a-elements x1 and x2 in the form of [x1, x2, ∗ − ∗].
n4: the number of blocks of C containing only three a-elements x1, x2 and x3 in the form of [x1, x2, x3 − ∗].
Obviously n1+n2+n3+n4 = 14. Counting the number of pairs of a-elements in C, we have n2+n3+3n4 = 21.
Counting the number of pairs of b-elements in C, we have 2n1+n2 = 14. Solving the above three indefinite equations,
we obtain only one nonnegative integer solution: n1 = 7, n2 = 0, n3 = 0, n4 = 7.
Therefore, there are 7 blocks in C containing three a-elements x1, x2 and x3 in the form of [x1, x2, x3 − ∗]. We
denote the set of these 7 blocks by C1. Since up to isomorphism there is a unique STS(7), we can suppose that these
{x1, x2, x3}s are the triples of the STS(7) with blocks {1, 2, 4}, {2, 3, 5}, {3, 4, 6}, {4, 5, 7}, {5, 6, 1}, {6, 7, 2} and
{7, 1, 3}. Due to n2 = n3 = 0, B belongs to C1 if and only if the corresponding type II switchable transformation of
B also belongs to C1. Thus we can assume that B contains the following 3 blocks
[4, 1, 2− y], [2, 6, 7− y], [7, 5, 4− y],
where y is a b-element. Since y must appear in 6 blocks and y has appeared in 2 blocks of B \ C, we cannot find the
sixth block containing y such that the switchable property of the design is satisfied. That is a contradiction.
Case 2. For the case of (α, β, γ ) = (6, 9, 0), since for any a-element x ∈ X , there are exactly 3 blocks containing
x in the form of [∗, x, ∗ − ∗], there are totally 18 blocks containing a-elements in the form of [∗, x, ∗ − ∗], where x
is some a-element, and there are exactly 3 blocks containing b-elements in the form of [∗, y, ∗ − ∗], where y is some
b-element.
For further discussion, we need the following notations.
n1: the number of blocks of B containing only one a-element x in the form of [∗, x, ∗ − ∗].
n2: the number of blocks of B containing only one a-element x in the form of [∗, ∗, x − ∗].
n3: the number of blocks of B containing only one a-element x in the form of [x, ∗, ∗ − ∗].
n4: the number of blocks of B containing only two a-elements x1 and x2 in the form of [x1, x2, ∗ − ∗].
n5: the number of blocks of B containing only two a-elements x1 and x2 in the form of [∗, x1, x2 − ∗].
n6: the number of blocks of B containing only two a-elements x1 and x2 in the form of [x1, ∗, x2 − ∗].
n7: the number of blocks of B containing only three a-elements x1, x2 and x3 in the form of [x1, x2, x3 − ∗].
Counting the number of blocks of B containing an a-element x in the form of [∗, x, ∗ − ∗], we have n1 + n4 +
n5 + n7 = 18. Counting the number of blocks of B containing an a-element x in the form of [∗, ∗, x − ∗], we have
n2 + n5 + n6 + n7 = 6. Counting the number of blocks of B containing an a-element x in the form of [x, ∗, ∗ − ∗],
we have n3+ n4+ n6+ n7 = 6. Counting the number of pairs of a-elements in B, we have n4+ n5+ n6+ 3n7 = 15.
It follows that (n4 + n5 + n6 + 3n7)− (n2 + n5 + n6 + n7)− (n3 + n4 + n6 + n7) = 15− 6− 6 = 3. Simplifying
this equation we have n7 − (n2 + n3 + n6) = 3. Then n7 ≥ 3. Considering the 6 a-elements, since a maximum
(6, 3, 1)-packing has size 4, we have n7 ≤ 4. It follows that n7 = 3 or 4.
Let {0, 1, 2, 3, 4, 5} and {6, 7, 8, 9, 10, 11, 12, 13, 14} be the set of a-elements and b-elements, respectively.
Subcase 2.1. For the case of n7 = 4, there are 4 blocks of B in the form of [x1, x2, x3 − ∗], where x1, x2,
x3 are a-elements. Let C be the set of these 4 blocks. Without loss of generality we assume that {x1, x2, x3} ∈
T = {{0, 1, 2}, {0, 3, 4}, {1, 3, 5}, {2, 4, 5}}. Then the pair {x ′1, x ′2} ∈ {{0, 5}, {1, 4}, {2, 3}} will appear in blocks
of B \ C in the form of [∗, x ′1, x ′2 − ∗], [x ′1, x ′2, ∗ − ∗] or [x ′1, ∗, x ′2 − ∗].
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Since any a-element x appears in blocks of B in the form of [∗, ∗, x − ∗] and [x, ∗, ∗ − ∗] exactly once, we have
that there exist at least two a-elements u1, u2 such that for any u ∈ {u1, u2}, u must appear in two blocks of C in the
form of [∗, ∗, u − ∗] and [u, ∗, ∗ − ∗]. Thus we have the following two possibilities:
(1) {u1, u2} = {0, 5}. Note that any a-element x appears in blocks of B in the form of [∗, ∗, x −∗] and [x, ∗, ∗−∗]
exactly once, respectively. Since for any u ∈ {0, 5}, u has appeared in blocks of C in the form of [∗, ∗, u − ∗] and
[u, ∗, ∗ − ∗] once, no blocks in B \ C can contain the pair {0, 5}. That is a contradiction.
(2) {u1, u2} = {0, 1}. In this case without loss of generality we can assume that the blocks of C are
[0, 2, 1− 6], [3, 4, 0− 6], [1, 5, 3− 6], [4, 5, 2− ∗].
Since any a-element x appears in blocks of B in the form of [∗, ∗, x − ∗] and [x, ∗, ∗ − ∗] exactly once, respectively,
considering the blocks of B containing pairs {0, 5}, {1, 4}, {2, 3}, we can assume that B \ C contains
[v1, 0, v2 − ∗], [∗, 1, 4− ∗], [2, 3, ∗ − ∗],
where 5 ∈ {v1, v2}. Considering the positions of a-elements appearing in blocks of B, we can assume that B contains
[∗, 0, ∗ − ∗], [∗, 0, ∗ − ∗], [∗, 1, ∗ − ∗], [∗, 1, ∗ − ∗],
[∗, 2, ∗ − ∗], [∗, 2, ∗ − ∗], [∗, 3, ∗ − ∗], [∗, 3, ∗ − ∗],
[∗, 4, ∗ − ∗], [∗, 4, ∗ − ∗], [∗, 5, ∗ − ∗], [w1, ∗, w2 − ∗],
where 5 ∈ {w1, w2}. Since the b-element 6 has appeared with any a-element as a pair in a block of B once, 6 can only
appear in blocks of B that do not contain a-elements. Note that now only two blocks do not contain a-elements. Thus
6 will appear in at most 5 blocks of B. That is a contradiction.
Subcase 2.2. For the case of n7 = 3, there are 3 blocks in B in the form of [x1, x2, x3 − ∗], where x1,
x2, x3 are a-elements. Without loss of generality in what follows we always assume that {x1, x2, x3} ∈ T =
{{0, 1, 2}, {0, 3, 4}, {1, 3, 5}}. Since n7 − (n2 + n3 + n6) = 3, we have n6 = 0. Then the pair {x ′1, x ′2} ∈ R ={{0, 5}, {1, 4}, {2, 3}, {2, 4}, {2, 5}, {4, 5}} will appear in blocks of B in the form of [∗, x ′1, x ′2 − ∗] or [x ′1, x ′2, ∗ − ∗].
Due to n1 + n4 + n5 + n7 = 18 and n2 + n3 + n6 = 0, there are exactly 3 blocks of B containing only b-elements,
and no more blocks in the form of [∗, y, ∗ − ∗] for y a b-element can be contained in B. For convenience in the
following this fact is always called BASIC FACT-1.
For further discussion, we consider three cases. (1) For any x2 ∈ {2, 4, 5}, there exists a block of B in the form of
[x1, x2, x3 − ∗]. (2) There exists at least one a-element x1 ∈ {2, 4, 5} such that [x1, x2, x3 − ∗] ∈ B. (3) There exists
at least one a-element x3 ∈ {2, 4, 5} such that [x1, x2, x3 − ∗] ∈ B.
Subcase 2.2.1. For any x2 ∈ {2, 4, 5}, there exists a block of B in the form of [x1, x2, x3 − ∗]. Since for any
a-element x , x occurs only once in B in the form of [∗, ∗, x − ∗], without loss of generality we can assume that B
contains
[1, 2, 0− 6], [0, 4, 3− 6], [3, 5, 1− 6].
Considering the blocks containing b-element 6, due to BASIC FACT-1, we assume that the 3 blocks containing only
b-elements in B are
[8, 6, 7− 9], [11, 10, 6− 12], [6, 13, 14− 12].
Note that no more blocks in the form of [∗, y, ∗− ∗] for y a b-element can be contained in B. Thus for any b-element
y ∈ {6, 10, 13}, y appears in configurations [∗, ∗, ∗ − y] three times, [∗, y, ∗ − ∗] once, [∗, ∗, y − ∗] once and
[y, ∗, ∗,−∗] once. For any b-element y 6∈ {6, 10, 13}, y appears in configurations [∗, ∗, ∗ − y] twice, [∗, ∗, y − ∗]
twice, [y, ∗, ∗,−∗] twice.
Considering the blocks of B containing the b-element 12, we can assume that B contains
[12, u1, ∗ − 14], [12, u2, u7 − u5], [∗, u3, 12− 11], [u6, u4, 12− u5],
where {u1, u2, u3, u4} ⊂ {0, 1, 2, 3, 4, 5} and ui 6= u j for any i, j ∈ {1, 2, 3, 4}. It is easy to see that u5 6= 9.
Otherwise 9 appears in blocks of B three times in the form of [∗, ∗, ∗ − y]. Thus u5 ∈ {7, 8} and {u6, u7} ⊂
({0, 1, 2, 3, 4, 5} \ {u1, u2, u3, u4})⋃({7, 8, 9} \ {u5}).
If u5 = 8, then u6 6= 7, 9. It follows that u6 ∈ {0, 1, 2, 3, 4, 5} \ {u1, u2, u3, u4} is a-element. Since B contains
the block [u6, u4, 12− u5], the pair {u5, u6} must appear in a block of B in the form of [∗, ∗, u6 − u5]. Since u5 has
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appeared in blocks of B in the form of [∗, ∗, ∗− u5] twice, we have u7 = u6. Then the pair {u6, 12} appears in blocks
of B twice. That is a contradiction.
If u5 = 7, then u6 6= 8, 9. It follows that u7 ∈ {0, 1, 2, 3, 4, 5} \ {u1, u2, u3, u4} is a-element. Since B contains
the block [12, u2, u7,−u5], the pair {u5, u7} must appear in a block of B in the form of [∗, ∗, u7 − u5]. Since u5 has
appeared in blocks of B in the form of [∗, ∗, ∗− u5] twice, we have u6 = u7. Then the pair {u7, 12} appears in blocks
of B twice. That is a contradiction.
Subcase 2.2.2. There exists at least one a-element x1 ∈ {2, 4, 5} such that [x1, x2, x3 − ∗] ∈ B. Without loss of
generality we can assume that x1 = 2 and B contains the block [2, 0, 1− 6]. Considering the blocks of B in the form
of [u1, u2, u3 − ∗], where {u1, u2, u3} ∈ T , we have the following ten possibilities:
•[2, 0, 1− 6], [1, 3, 5− 6];
•[2, 0, 1− 6], [1, 5, 3− 6];
•[2, 0, 1− 6], [5, 1, 3− 7], [3, 0, 4− 7];
•[2, 0, 1− 6], [5, 1, 3− 7], [3, 4, 0− 7];
•[2, 0, 1− 6], [5, 1, 3− 7], [4, 3, 0− 8];
•[2, 0, 1− 6], [5, 1, 3− 7], [0, 3, 4− 8];
•[2, 0, 1− 6], [3, 1, 5− 7], [0, 4, 3− 7];
•[2, 0, 1− 6], [3, 1, 5− 7], [4, 0, 3− 7];
•[2, 0, 1− 6], [3, 1, 5− 7], [4, 3, 0− 8];
•[2, 0, 1− 6], [3, 1, 5− 7], [0, 3, 4− 8].
Subcase 2.2.2.1. For the first possibility, by the switchable property of this design, B contains the blocks
[∗, v1, 2 − 6] and [5, v2, ∗ − 6]. According to BASIC FACT-1, if [w1, w2, w3, w4] ∈ B and w2 is a b-element,
then w1, w3 and w4 are all b-elements. It follows that v1 and v2 are a-elements and v1 = v2 = 4. Obviously that is
impossible.
Subcase 2.2.2.2. By similar arguments as in the first possibility, the second, the third, the fourth, the seventh and
the eighth are also impossible.
Subcase 2.2.2.3. For the fifth possibility, considering the switchable property of this design and the appearance of
pairs {x ′1, x ′2} ∈ R, we can assume that B contains the following 6 blocks:
[1, 4, 9− 6], [v1, 5, 2− 6], [3, 2, v2 − 7], [10, 4, 5− 7], [0, 5, v3 − 8],
[11, 2, 4,−8],
where v1 ∈ {9, 12, 13, 14}, v2 ∈ {9, 10, 12, 13, 14} and v3 ∈ {9, 11, 12, 13, 14}. Denote the set of these 6 blocks by
D. Considering the blocks of B containing the b-elements 6, 7, 8, due to BASIC FACT-1, we assume that the 3 blocks
containing only b-elements in B are
[∗, 6, ∗ − ∗], [∗, 7, ∗ − ∗], [∗, 8, ∗ − ∗].
Thus considering the positions of a-elements appearing in blocks of B, the remaining 9 blocks in B are
[v4, 0, v5 − ∗], [∗, 0, ∗ − ∗], [v6, 1, v7 − ∗], [∗, 1, ∗ − ∗], [v8, 3, v9 − ∗],
[∗, 3, ∗ − ∗], [w1, 2, w2 − w3], [w4, 4, w5 − w6], [w7, 5, w8 − w9],
where 6 ∈ {v8, v9}, 7 ∈ {v4, v5}, 8 ∈ {v6, v7}, {w1, w2, w3} = {9, 10, 12, 13, 14} \ {v1, v2}, {w4, w5, w6} =
{12, 13, 14} and {w7, w8, w9} = {9, 11, 12, 13, 14} \ {v1, v3}.
It is easy to verify that each of the 3 blocks containing only b-elements in B contains exactly a pair {y1, y2} with
y1, y2 ∈ {6, 7, 8}, y1 6= y2. In what follows this fact is always called BASIC FACT-2.
Let Ii = {w3i , w3i+1, w3i+2} for i = 0, 1, 2. It is easy to verify that Ii 6= I j for any 1 ≤ i 6= j ≤ 3 and
|I1 ∩ I2 ∩ I3| ≤ 1. In what follows this fact is always called BASIC FACT-3.
Analyzing all possibilities of v1, we have two subcases as follows.
Subcase 2.2.2.3.1. If v1 = 9, by BASIC FACT-3, we have v2 6= 10 and v3 6= 11. Thus we can always assume that
v2 = 12. By BASIC FACT-3 again, we can suppose v3 = 13. Considering the Type II switchable transformation of
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blocks in D, we have B containing
[7, ∗, ∗ − 12], [∗, ∗, 7− 10], [8, ∗, ∗ − 13], [∗, ∗, 8− 11].
Note that B also contains two blocks in the form of [∗, ∗, 6 − u] and [6, ∗, ∗ − u]. By BASIC FACT-1, for any
x ∈ {9, 10, 11, 12, 13, 14}, there are exactly 2 blocks in B containing x in the form of [∗, ∗, ∗ − x]. Thus u = 14 and
14 6∈ {w3, w6, w9}. Considering the blocks [w1, 2, w2−w3], [w4, 4, w5−w6], [w7, 5, w8−w9] and analyzing all the
possibilities for the block [w4, 4, w5 − w6], it is readily checked that it is impossible to obtain a Type II switchable
(K15, K4 − e)-design.
Similar arguments as in the case of v1 = 9, if v2 = 10 or v3 = 11, it is also impossible to obtain a Type II
switchable (K15, K4 − e)-design.
Subcase 2.2.2.3.2. If v1 ∈ {12, 13, 14}, without loss of generality we assume that v1 = 12. Then we have
v2 ∈ {9, 13, 14}.
(1) If v2 = 9, by BASIC FACT-3 we can assume that v3 = 13. Considering the Type II switchable transformation
of blocks in D, we have B containing the following 6 blocks:
[6, ∗, ∗ − 9], [∗, ∗, 6− 12], [7, ∗, ∗ − 9], [∗, ∗, 7− 10], [8, ∗, ∗ − 13],
[∗, ∗, 8− 11].
Denote the set of the 6 blocks by A. Let the block of B containing the pair {9, 10} be [b1, b2, b3 − b4]. It is easy to
see that b2 6= 1, 2, 3, 4, 5, 6, 7, 9, 10, 11, 12, 13, 14 and {b1, b3} = {9, 10} or {b1, b4} = {9, 10}.
If b2 = 8, according to BASIC FACT-2, we have 6 ∈ {b1, b3} or 7 ∈ {b1, b3}. It follows that the block
[b1, 8, b3 − b4] ∈ A. However, it is easy to verify that it is impossible. Hence b2 = 0 and the pairs {0, 9} and
{0, 10} are contained in the block [b1, 0, b3 − b4]. Since the block of B containing the pair {0, 7} must be from A,
we have that B contains a block in the form of [x, 0, 7 − 10] with x 6= 9 or a block in the form of [7, 0, y − 9] with
y 6= 10. Then the pair {0, 9} or {0, 10} will appear twice. That is a contradiction.
(2) If v2 ∈ {13, 14}, without loss of generality we assume that v2 = 13. Then v3 ∈ {9, 13, 14}.
If v3 = 9, similar arguments as in the case of v2 = 9, we have that the block of B containing the pair {9, 12} is
[b1, 3, b3 − b4] with {b1, b3} = {9, 12} or {b1, b4} = {9, 12}. Hence the pairs {3, 9} and {3, 12} are contained in the
block [b1, 3, b3 − b4]. Considering the block of B containing the pair {3, 6}, we have that B contains a block in the
form of [x, 3, 6 − 12] with x 6= 9 or a block in the form of [6, 3, y − 9] with y 6= 12. Then the pair {0, 9} or {0, 12}
will appear twice. That is a contradiction.
If v3 = 13, similar arguments as in the case of v2 = 9, we have that the block of B containing the pair {11, 13} is
[b1, 1, b3 − b4] with {b1, b3} = {11, 13} or {b1, b4} = {11, 13}. Hence the pairs {1, 11} and {1, 13} are contained in
the block [b1, 1, b3 − b4]. Considering the block of B containing the pair {1, 8}, we have that B contains a block in
the form of [x, 1, 8 − 11] with x 6= 13 or a block in the form of [8, 1, y − 13] with y 6= 11. Then the pair {1, 11} or
{1, 13} will appear twice. That is a contradiction.
If v3 = 14, considering the Type II switchable transformation of blocks in D, we have B contains the following 6
blocks:
[6, ∗, ∗ − 9], [∗, ∗, 6− 12], [7, ∗, ∗ − 13], [∗, ∗, 7− 10], [8, ∗, ∗ − 14],
[∗, ∗, 8− 11].
Denote the set of the 6 blocks byA. Similar arguments as in the case of v2 = 9, we have that the block of B containing
the pair {10, 13} is [b1, b2, b3 − b4] with b2 ∈ {0, 1} and {b1, b3} = {10, 13} or {b1, b4} = {10, 13}.
If b2 = 0, the pairs {0, 10} and {0, 13} are contained in the block [b1, 0, b3 − b4]. Since the block of B containing
the pair {0, 7} must be from A, we have that B contains a block in the form of [x, 0, 7 − 10] with x 6= 13 or a block
in the form of [7, 0, y − 13] with y 6= 10. Then the pair {0, 10} or {0, 13} will appear twice. Thus b2 = 1.
If {b1, b4} = {10, 13}, considering the Type II switchable transformation of the block [b1, 1, b3, b4], we have that
B contains the block [∗, x, 10 − 13] or [∗, x, 13 − 10]. It is easy to see that x cannot take any value from I15. Thus
we have {b1, b3} = {10, 13} and b4 ∈ {11, 12, 14}. Note that the pairs {1, 10} and {1, 13} are contained in the block
[b1, 1, b3, b4].
If b4 = 12, sinceA contains the block [8, ∗, ∗−14], considering the blocks of B containing a-element 1, we have B
contains the block [8, 1, 11−14] (or [14, 1, 8−11]). SinceD have contained the block [11, 2, 4−8] (or [0, 5, 8−14]),
the pair {8, 11} (or {8, 14}) appears twice. That is impossible. Thus b4 ∈ {11, 14}. Hence the block [b1, b2, b3 − b4]
will be one of the following four blocks: [10, 1, 13− 11], [13, 1, 10− 11], [13, 1, 10− 14], [10, 1, 13− 14].
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Similarly, considering the block of B containing the pair {11, 14}, we have that B contains the block [14, 3, 11− y]
or [11, 3, 14− y], where y ∈ {9, 12}. Considering the block of B containing the pair {9, 12}, we have that B contains
the block [12, 0, 9− y] or [9, 0, 12− y], where y ∈ {10, 13}.
(i) If [b1, b2, b3 − b4] = [10, 1, 13 − 11], since A contains the block [8, ∗, ∗ − 14], considering the blocks of
B containing a-element 1, we have B containing the block [8, 1, 12 − 14]. Then by the switchable property of this
design, B also contains the block [12, x, y−14] or [14, x, y−12]. It is easy to verify that x = 4. Since B contains the
block [w4, 4, w5 − w6], where {w4, w5, w6} = {12, 13, 14}, we have that y = 13. Since D have contained the block
[3, 2, 13−7], the b-element 13 appears three times in blocks of B in the form of [∗, ∗, 13−∗]. That is a contradiction.
(ii) If [b1, b2, b3− b4] = [13, 1, 10− 11], similar arguments as in the case (i), B contains the block [8, 1, 12− 14].
Since A contains the block [∗, ∗, 8− 11], the b-element 11 appears twice in blocks of B in the form of [∗, ∗, ∗− 11].
Thus considering the Type II switchable transformation of the block [13, 1, 10 − 11], we have that B contains
the block [y, x, 11 − 13]. It is easy to verify that x = 5. Since B contains the block [w7, 5, w8 − w9], where
{w7, w8, w9} = {9, 11, 13}, we have that y = 9. Thus the pair {9, 11} appears in the block [9, 5, 11 − 13]. Note
that B contains the block [14, 3, 11 − z] or [11, 3, 14 − z], where z ∈ {9, 12}. It is easy to see that z = 12. Since B
contains the block [8, 1, 12− 14], the block [14, 3, 11− z] or [11, 3, 14− z] must be in the form of [14, 3, 11− 12].
However, considering the pair {12, 14}, we cannot fix the block [w4, 4, w5−w6], where {w4, w5, w6} = {12, 13, 14}.
That is a contradiction.
(iii) If [b1, b2, b3 − b4] = [13, 1, 10− 14], since A contains the block [∗, ∗, 8− 11], considering the blocks of B
containing a-element 1, we have B containing the block [12, 1, 8− 11]. Since A contains the block [8, ∗, ∗− 14], the
b-element 14 appears twice in the blocks of B in the form of [∗, ∗, ∗ − 14]. Thus considering the Type II switchable
transformation of the block [13, 1, 10−14], we have that B contains the blocks [14, z1, z2−10] and [z3, z4, 14−13].
It is easy to verify that z1 = 2 and z4 = 4. Since B contains the blocks [w1, 2, w2 − w3] and [w4, 4, w5 − w6],
where {w1, w2, w3} = {9, 10, 14} and {w4, w5, w6} = {12, 13, 14}, we have that z2 = 9 and z3 = 12. Since B have
contained the block [12, 5, 2 − 6], the b-element 12 appears three times in blocks of B in the form of [12, ∗, ∗ − ∗].
That is a contradiction.
(v) If [b1, b2, b3−b4] = [10, 1, 13−14], similar arguments as in the case (iii), B contains the block [12, 1, 8−11].
Since A contains the block [8, ∗, ∗ − 14], the element 14 appears twice in blocks of B in the form of [∗, ∗, ∗ − 14].
Thus considering the Type II switchable transformation of the block [10, 1, 13 − 14], we have that B contains the
blocks [z1, z2, 14− 10] and [14, z3, z4 − 13]. It is easy to verify that z2 = 2 and z3 = 4. Since B contains the blocks
[w1, 2, w2 − w3] and [w4, 4, w5 − w6], where {w1, w2, w3} = {9, 10, 14} and {w4, w5, w6} = {12, 13, 14}, we have
that z1 = 9 and z4 = 12. Since B contains the block [14, 3, 11 − z] or [11, 3, 14 − z], where z ∈ {9, 12}, the pair
{9, 14} or {12, 14} will appear twice. That is a contradiction.
Subcase 2.2.2.4. By similar arguments as in the fifth possibility, the sixth, the ninth and the tenth are also
impossible.
Subcase 2.2.3. There exists at least one a-element x3 ∈ {2, 4, 5} such that [x1, x2, x3 − ∗] ∈ B. For each
B ′ = [u1, u2, u3 − u4] ∈ B′ we define a mapping
τ : B ′ 7−→ [u2, u1, u3 − u4].
Let B1 = {τ(B ′) : B ′ ∈ B′}. It is easy to see that (X,B1) is also a Type II switchable (K15, K4 − e)-design.
Considering the corresponding Type II switchable transformation of [x1, x2, x3 − ∗], we have that B′ contains the
block [x2, x3, x1−∗]. Then [x3, x2, x1−∗] ∈ B1. Analyzing the blocks of B1, we can regard Subcase 2.2.3 as Subcase
2.2.2.
This completes the proof. 
4.2. The case of λ = 1 and v ≡ 1 (mod 5)
Lemma 4.3. There exists a Type II switchable (Kv, K4 − e)-design for v = 11, 16, 21, 26, 36, 46, 86.
Proof. For v ∈ {11, 21}, let X = Zv and (X,B) be a Type II switchable (Kv, K4 − e)-design. Develop the following
base blocks by +1 modulo v:
v = 11: [1, 0, 5− 3].
v = 21: [1, 14, 0− 3], [5, 17, 0− 2].
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For v ∈ {26, 46, 86}, let X = Zv and (X,B) be a Type II switchable (Kv, K4 − e)-design. Develop the following
base blocks by +2 modulo v:
v = 26: [1, 5, 0− 2], [10, 4, 1− 12], [14, 21, 1− 3], [19, 9, 0− 21],
[4, 14, 0− 25].
v = 46: [1, 5, 0− 2], [4, 13, 0− 6], [8, 24, 0− 14], [12, 41, 0− 26],
[10, 29, 1− 36], [26, 15, 1− 37], [33, 17, 0− 23], [27, 35, 1− 4],
[45, 20, 1− 2].
v = 86: [12, 37, 0− 26], [18, 59, 0− 44], [20, 81, 0− 64], [50, 47, 0− 28],
[8, 57, 1− 36], [7, 65, 1− 42], [30, 57, 0− 75], [40, 31, 0− 29],
[24, 11, 1− 53], [69, 2, 0− 35], [79, 78, 1− 44], [80, 84, 1− 37],
[5, 25, 1− 41], [13, 85, 0− 53], [75, 27, 1− 22], [71, 16, 0− 6],
[8, 62, 0− 14].
For v = 16, let X = (Z3×{0, 1, 2, 3, 4})∪{∞} and (X,B) be a Type II switchable (K16, K4−e)-design. Develop
the following base blocks by (+1 mod 3,−):
[∞, (0, 2), (0, 3)− (0, 1)], [(2, 1), (0, 1), (0, 0)− (2, 3)],
[(1, 3), (1, 4), (0, 3)− (2, 0)], [(1, 3), (1, 0), (0, 2)− (0, 0)],
[(0, 0), (1, 2), (0, 4)− (0, 2)], [(2, 4), (1, 1), (0, 4)− (2, 2)],
[(2, 2), (1, 3), (0, 1)− (0, 4)], [(0, 4), (2, 0),∞− (0, 1)].
For v = 36, let X = Z36 and (X,B) be a Type II switchable (K36, K4 − e)-design. Develop the following base
blocks by +4 modulo 36:
[8, 18, 0− 14], [12, 31, 0− 26], [4, 11, 1− 30], [22, 34, 0− 29],
[20, 35, 0− 13], [4, 5, 0− 17], [9, 15, 1− 28], [12, 23, 3− 21],
[5, 35, 2− 23], [11, 13, 3− 26], [7, 14, 3− 30], [3, 0, 2− 30],
[26, 17, 1− 18], [25, 21, 0− 6].

Lemma 4.4. Let p ≡ 1 (mod 10) be a prime power. If there exists a pair (x, y) satisfying the following conditions:
(1) x ∈ C50 ;
(2) {x − 1, y, y − 1, y − x} is a representative system for {C51 ,C52 ,C53 ,C54}.
Then there exists a Type II switchable (K p, K4 − e)-design.
Proof. Similar arguments as in Lemma 3.4 show that the desired Type II switchable (K p, K4 − e)-design can be
constructed by taking the base blocks developing in (G F(p),+) as follows: [r, r y, r x − 0], where r runs over all
representatives of C50/{1,−1}. Note that for each block B = [a, b, c − d], the corresponding Type II transformation
of B is [b, c, a − d]. 
Lemma 4.5. There exists a Type II switchable (K p, K4 − e)-design for p = 31, 41, 61, 71, 81, 131.
Proof. For each given prime power p, we apply Lemma 4.4 with the following parameters:
(p, x, y) (p, x, y) (p, x, y)
(31, 25, 22) (41, 32, 26) (61, 13, 55)
(71, 45, 14) (81, 2+2a2, 2+a2+a3) (131, 62, 35)
where a is a primitive element of GF(81) satisfying 2+ a + a4 for p = 81. 
Lemma 4.6. There exists a Type II switchable (K4−e, 1)-HD of hole-type gn for (g, n) ∈ {(2, 5), (2, 6), (5, 5), (5, 6),
(5, 7), (5, 8), (5, 9), (5, 10), (10, 4), (11, 6)}.
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Proof. For (g, n) ∈ {(5, 5), (5, 7), (5, 9), (10, 4)}, let H = {nZgn + i : 0 ≤ i ≤ n − 1}. A Type II switchable
(Kg,...,g, K4 − e)-design (Zgn,H,B) is constructed by developing the following base blocks by +1 modulo gn:
(g, n) = (5, 5): [1, 12, 0− 4], [7, 9, 0− 3].
(g, n) = (5, 7): [1, 12, 0− 3], [15, 10, 0− 18], [19, 6, 0− 2].
(g, n) = (5, 9): [1, 7, 0− 3], [8, 24, 0− 5], [17, 32, 0− 22], [20, 31, 0− 43].
(g, n) = (10, 4): [1, 26, 0− 3], [10, 19, 0− 13], [29, 7, 0− 2].
For (g, n) ∈ {(2, 6), (5, 6), (5, 10), (11, 6)}, let H = {nZgn + i : 0 ≤ i ≤ n − 1}. A Type II switchable
(Kg,...,g, K4 − e)-design (Zgn,H,B) is constructed by developing the following base blocks by +2 modulo gn:
(g, n) = (2, 6): [2, 7, 0− 3], [3, 4, 1− 0].
(g, n) = (5, 6): [1, 5, 0− 2], [8, 25, 0− 10], [16, 7, 0− 26], [8, 17, 1− 4],
[29, 21, 1− 2].
(g, n) = (5, 10): [4, 13, 0− 6], [8, 25, 0− 14], [24, 15, 0− 38], [28, 21, 0− 16],
[16, 5, 1− 32], [18, 0, 1− 37], [17, 29, 1− 3], [45, 3, 0− 47],
[49, 31, 0− 2].
(g, n) = (11, 6): [4, 25, 0− 14], [20, 47, 0− 34], [40, 9, 0− 8], [2, 17, 1− 10],
[2, 63, 0− 59], [9, 38, 1− 16], [62, 24, 1− 47], [3, 16, 0− 49],
[33, 23, 1− 50], [39, 41, 1− 22], [55, 41, 0− 10].
For (g, n) = (2, 5), let X = Z8 ∪ {∞1,∞2} and H = {{i, i + 4} : 0 ≤ i ≤ 3} ∪ {∞1,∞2}. A Type
II switchable (K2,...,2, K4 − e)-design (X,H,B) is constructed by developing its base blocks by +2 modulo 8:
[1, 0, 3−∞1], [2, 1, 4−∞2].
For (g, n) = (5, 8), let X = Z35 ∪ {∞0,∞1, . . . ,∞4} and H = {7Z35 + i : 0 ≤ i ≤ 6} ∪ {∞0,∞1, . . . ,∞4}. A
Type II switchable (K5,...,5, K4 − e)-design (X,H,B) is constructed by developing the following base blocks by +1
modulo 35:
[1, 16, 0− 13], [10, 18, 0− 23], [4, 13,∞0 − 2], [∞0, 6, 0− 2],
where∞ j + 1 = ∞ j+1, 0 ≤ j ≤ 4, the subscripts are reduced modulo 5. 
Lemma 4.7. There exists a Type II switchable (Kv, K4−e)-design for v = 51, 66, 76, 91, 96, 106, 111, 136, 141, 156,
161, 166.
Proof. For v ∈ {51, 96, 156}, take a Type II switchable (K4− e, 1)-HD of hole-type 2n for n = 5, 6 from Lemma 4.6
and apply Construction 2.6 with l = 5, 8, 13 to obtain a Type II switchable (K4 − e, 1)-HD of hole-type gn for
(g, n) ∈ {(10, 5), (16, 6), (26, 6)}. By Construction 2.4, fill in holes with a Type II switchable (Kr , K4 − e)-design
with r = 11, 16, 26 from Lemma 4.3.
For v = 66, by Construction 2.4 fill a type II switchable (K4 − e, 1)-HD of hole-type 116 from Lemma 4.6 with a
Type II switchable (K11, K4 − e)-design from Lemma 4.3.
For v ∈ {76, 91, 106, 136, 141}, take a Type II switchable (K4 − e, 1)-HD of hole-type 5n for n = 5, 6, 7, 9 from
Lemma 4.6 and apply Construction 2.6 with l = 3, 4 to obtain a Type II switchable (K4 − e, 1)-HD of hole-type
gn for (g, n) ∈ {(15, 5), (15, 6), (15, 7), (15, 9), (20, 7)}. By Construction 2.4, fill in holes with a Type II switchable
(Kr , K4 − e)-design with r = 16, 21 from Lemma 4.3.
For v ∈ {111, 161, 166}, by Lemma 4.3 there exists a Type II switchable (K4 − e, 1)-HD of hole type 1r for
r = 11, 16. Apply Construction 2.6 with l = 10, 15 to obtain a Type II switchable (K4− e, 1)-HD of hole-type gn for
(g, n) ∈ {(10, 11), (10, 16), (15, 11)}. By Construction 2.4, fill in holes with a Type II switchable (Ks, K4−e)-design
with s = 11, 16 from Lemma 4.3. 
Theorem 4.8. There exists a Type II switchable (K5n+1, K4 − e)-design for any integer n ≥ 1 except for n = 1 and
possibly for n = 11, 23.
Proof. The non-existence of a type II switchable (K6, K4−e)-design is from Lemma 4.1. For the cases of 2 ≤ n ≤ 33
and n 6∈ {11, 20, 23, 24, 25, 29, 30} the conclusion follows by Lemmas 4.3, 4.5 and 4.7.
Lemma 2.10 guarantees the existence of an (n + 1, {5, 6, 7, 8, 9}, 1)-PBD for n ≥ 20 and n 6∈
{21, 22, 23, 26, 27, 28, 31, 32, 33}. By deleting one point from this PBD, we create a ({5, 6, 7, 8, 9}, 1)-GDD of order
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n and of type 4r15r26r37r48r5 , where the exponents are non-negative integers not all equal to zero. We give all points
of this GDD weight 5 and apply Construction 2.2 to produce Type II switchable (K4 − e, 1)-HDs of hole-types
20r125r230r335r440r5 , where the needed Type II switchable (K4 − e, 1)-HDs of hole-types 5s for s = 5, 6, 7, 8, 9
are from Lemma 4.6. Apply Construction 2.4 with a = 1 and (Kt , K4 − e)-designs for t = 21, 26, 31, 36, 41 from
Lemmas 4.3 and 4.5 to complete this proof. 
4.3. The case of λ = 1 and v ≡ 0 (mod 5)
Lemma 4.9. There exists a Type II switchable (Kv, K4 − e)-design for v = 25, 35, 40, 45, 55, 70, 75.
Proof. For v = 25, let X = Z5 × {0, 1, 2, 3, 4} and (X,B) be a Type II switchable (K25, K4 − e)-design. Develop
the following base blocks by (+1 mod 5,−):
[(1, 0), (3, 1), (0, 0)− (1, 1)], [(3, 0), (4, 2), (0, 0)− (4, 1)],
[(0, 0), (2, 2), (0, 2)− (4, 1)], [(3, 1), (4, 3), (0, 2)− (4, 2)],
[(0, 2), (2, 3), (0, 4)− (1, 2)], [(3, 4), (2, 3), (0, 1)− (4, 2)],
[(3, 1), (4, 4), (0, 4)− (2, 2)], [(4, 2), (1, 0), (0, 4)− (2, 4)],
[(4, 4), (4, 0), (0, 3)− (2, 4)], [(3, 3), (3, 0), (0, 3)− (0, 4)],
[(4, 4), (4, 1), (0, 1)− (4, 3)], [(4, 3), (3, 3), (0, 0)− (0, 1)].
For v ∈ {35, 55, 75}, let X = Zv−1 ∪ {∞} and (X,B) be a Type II switchable (Kv, K4 − e)-design. Develop the
following base blocks by +2 modulo v − 1:
v = 35: [1, 0, 17−∞], [2, 6, 0− 5], [8, 18, 0− 13], [5, 7, 1− 26],
[25, 4, 1− 16], [28, 21, 1− 13], [25, 14, 0− 3].
v = 55: [1, 0, 27−∞], [2, 6, 0− 5], [8, 15, 0− 13], [10, 26, 0− 23],
[9, 18, 0− 40], [22, 43, 1− 8], [24, 49, 0− 17], [41, 12, 1− 24],
[16, 36, 1− 47], [25, 7, 1− 17], [41, 37, 0− 3].
v = 75: [1, 0, 37−∞], [16, 13, 0− 64], [64, 59, 1− 54], [26, 12, 1− 47],
[7, 54, 0− 53], [2, 59, 0− 55], [3, 30, 0− 22], [6, 62, 0− 28],
[50, 43, 0− 4], [30, 66, 1− 34], [9, 57, 1− 42], [56, 13, 1− 15],
[51, 45, 1− 65], [61, 29, 0− 51], [25, 65, 0− 48].
For v ∈ {40, 70}, let X = Zv−1 ∪ {∞} and (X,B) be a Type II switchable (Kv, K4 − e)-design. Develop the
following base blocks by +3 modulo v − 1:
v = 40: [1,∞, 0− 26], [2, 18, 0− 15], [30, 10, 0− 6], [3, 14, 1− 9],
[4, 19, 1− 12], [16, 8, 0− 27], [18, 35, 1− 6], [10, 11, 1− 15],
[34, 22, 2− 9], [27, 26, 2− 20], [38, 34, 1− 17], [32, 5, 2− 16].
v = 70: [1,∞, 0− 47], [2, 27, 0− 24], [6, 35, 0− 30], [51, 16, 0− 12],
[6, 26, 1− 18], [9, 65, 0− 61], [15, 38, 0− 7], [19, 22, 2− 12],
[11, 40, 0− 21], [3, 46, 1− 24], [13, 50, 0− 36], [45, 29, 1− 12],
[10, 49, 1− 21], [15, 8, 1− 64], [13, 45, 2− 7], [28, 13, 1− 23],
[37, 4, 2− 59], [23, 5, 2− 11], [35, 3, 2− 44], [20, 19, 1− 62],
[17, 41, 2− 25].
For v = 45, let X = Z44 ∪ {∞} and (X,B) be a Type II switchable (K45, K4 − e)-design. Develop the following
base blocks by +4 modulo 44:
[0, 11, 2−∞], [22, 33, 0−∞], [21, 19, 2− 28], [6, 36, 0− 32],
[32, 27, 1− 20], [1, 23, 0− 20], [4, 33, 1− 24], [5, 43, 0− 28],
[8, 34, 2− 36], [28, 14, 1− 38], [10, 35, 2− 17], [33, 34, 3− 18],
[18, 41, 1− 3], [9, 25, 1− 11], [41, 6, 2− 7], [6, 27, 3− 11],
[19, 31, 0− 27], [35, 42, 1− 8].

Lemma 4.10. There exists a Type II switchable (K50 \ K11, K4 − e)-design.
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Proof. Let Y = {∞1,∞2, . . . ,∞11}. Let X = (Z13 × {0, 1, 2}) ∪ Y and (X,B) be a Type II switchable
(K50 \ K11, K4 − e)-design with hole Y . Develop the following base blocks by (+1 mod 13,−):
[(0, 1),∞1, (0, 0)− (0, 2)], [(1, 0),∞2, (0, 1)− (1, 2)],
[(1, 1),∞3, (0, 0)− (2, 2)], [(2, 0),∞4, (0, 1)− (4, 2)],
[(2, 1),∞5, (0, 0)− (6, 2)], [(3, 0),∞6, (0, 1)− (9, 2)],
[(3, 1),∞7, (0, 0)− (12, 2)], [(4, 0),∞8, (0, 1)− (3, 2)],
[(4, 1),∞9, (0, 0)− (7, 2)], [(5, 0),∞10, (0, 1)− (12, 2)],
[(5, 1),∞11, (0, 0)− (4, 2)], [(7, 0), (2, 0), (0, 0)− (11, 2)],
[(3, 0), (4, 0), (0, 0)− (1, 2)], [(8, 0), (2, 1), (0, 2)− (9, 2)],
[(1, 2), (11, 2), (0, 2)− (5, 2)], [(10, 2), (7, 0), (0, 1)− (2, 2)],
[(4, 1), (1, 1), (0, 1)− (6, 2)], [(7, 1), (5, 1), (0, 1)− (0, 2)]. 
Lemma 4.11. There exists a Type II switchable (Kv, K4−e)-design for v = 50, 80, 130, 145, 160, 180, 185, 195, 205,
215, 220, 230, 255.
Proof. For v = 50, there exists a Type II switchable (K50 \K11, K4− e)-design by Lemma 4.10. By Construction 2.4
with a Type II switchable (K11, K4 − e)-design from Lemma 4.3, we have the required design.
For v ∈ {80, 130, 180, 230}, take a Type II switchable (K4 − e, 1)-HD of hole-type 25 from Lemma 4.6 and apply
Construction 2.6 with l = 8, 13, 18, 23 to obtain a Type II switchable (K4 − e, 1)-HD of hole-type (2l)5. Fill in holes
with a Type II switchable (K2l , K4 − e)-design from Lemma 4.3.
For v = 145, take a TD(6, 12) by Lemma 2.1 and apply Construction 2.2 with a Type II switchable (K4−e, 1)-HD
of hole-type 26 from Lemma 4.6 to obtain a Type II switchable (K4−e, 1)-HD of hole-type 246. By Construction 2.4,
fill in holes with a Type II switchable (K25, K4 − e)-design from Lemma 4.9.
For v = 160, take a Type II switchable (K4−e, 1)-HD of hole-type 104 from Lemma 4.6 and apply Construction 2.6
with l = 4 to obtain a Type II switchable (K4 − e, 1)-HD of hole-type 404. Fill in holes with a Type II switchable
(K40, K4 − e)-design from Lemma 4.9.
For v ∈ {185, 255}, start from a TD(7, l) for l = 7, 9 by Lemma 2.1, select two blocks intersecting at the last
group and delete all other points of these two blocks except for the common one, we obtain a ({5, 6, 7}, 1)-GDD of
type (l − 2)6l1. Apply Construction 2.2 with Type II switchable (K4 − e, 1)-HDs of hole-types 55, 56 and 57 from
Lemma 4.6 to obtain a Type II switchable (K4 − e, 1)-HD of hole-type (5l − 10)6(5l)1. Fill in holes with Type II
switchable (Kr , K4 − e)-designs for r = 25, 35 and 45 from Lemma 4.9.
For v ∈ {195, 205}, take a TD(6, 17) from Lemma 2.1 and remove l points in a group for l = 0, 5 to obtain a
({5, 6}, 1)-GDD of type 175(17 − l)1. Applying Construction 2.2 with Type II switchable (K4 − e, 1)-HDs of hole-
types 25 and 26 from Lemma 4.6, we have a Type II switchable (K4 − e, 1)-HD of hole-type 345(34 − 2l)1. By
Construction 2.4, fill in holes with Type II switchable (Kr , K4 − e)-designs for r = 25 and 35 from Lemma 4.9.
For v = 215, delete five points in a block of TD(6, 8) from Lemma 2.1 to obtain a ({5, 6}, 1)-GDD of type 8175.
Applying Construction 2.2 with Type II switchable (K4−e, 1)-HDs of hole-types 55 and 56 coming from Lemma 4.6,
we have a Type II switchable (K4− e, 1)-HD of hole-type 401355. Fill in holes with Type II switchable (Kr , K4− e)-
designs for r = 35 and 40 from Lemma 4.9.
For v = 220, start from an (8, 1)-GDD of type 79 by deleting one point from a (64, 8, 1)-BIBD [4]. Truncate the
last group to size 1 to obtain a ({7, 8}, 1)-GDD of type 7811. Select two blocks B1 and B2 intersecting at the last group
and delete the intersecting point x to have a ({7, 8}, 1)-GDD of type 78. Note that the sizes of B1 \ {x} and B2 \ {x}
are both 7 and they cross the same 6 groups at least. Delete the 12 points of these two blocks from the same 6 groups
to obtain a ({5, 6, 7, 8}, 1)-GDD of type 5672. Give weight 5 to each point and apply Construction 2.2 to get a Type II
switchable (K4 − e, 1)-HD of hole-type 256352, where the needed Type II switchable (K4 − e, 1)-HDs of hole-types
5r for r = 5, 6, 7, 8 are from Lemma 4.6. Fill in holes with Type II switchable (Ks, K4 − e)-designs for s = 25 and
35 from Lemma 4.9 to obtain the required design. 
Lemma 4.12. Suppose that there exists a TD(5 + x,m), 1 ≤ x ≤ 6. If there exist Type II switchable (K5t , K4 − e)-
designs for t = m,m1,m2,m3, . . . ,mx where 0 ≤ mi ≤ m for 1 ≤ i ≤ x, then there exists a Type II switchable
(Kv, K4 − e)-design for v = 25m + 5(m1 + m2 + · · · + mx ).
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Proof. Truncate x groups in TD(5 + x,m) to sizes mi , 1 ≤ i ≤ x , to obtain a ({5, 6, . . . , 5 + x}, 1)-GDD of type
m5(m1)1(m2)1 · · · (mx )1. Giving weight 5 to each point and applying Construction 2.2, we have a Type II switchable
(K4−e, 1)-HD of hole-type (5m)5(5m1)1(5m2)1 · · · (5mx )1, where the needed Type II switchable (K4−e, 1)-HDs of
hole-types 5s for s = 5, 6, 7, 8, 9, 10 are from Lemma 4.6, and the needed Type II switchable (K4− e, 1)-HD of hole-
type 511 can be obtained by inflating a Type II switchable (K11, K4− e)-design from Lemma 4.3 via Construction 2.6
with l = 5. Apply Construction 2.4 with a = 0 and (K5t , K4 − e)-designs for t = m,m1,m2,m3, . . . ,mx to obtain
the required design. 
Lemma 4.13. There exists a Type II switchable (K5n, K4 − e)-design for 25 ≤ n ≤ 601 and n 6∈ {27, 28, 31,
33, 34, 38}.
Proof. For the cases of n ∈ {26, 29, 32, 36, 37, 39, 41, 43, 44, 46, 51} the conclusion follows immediately by
Lemma 4.11.
Apply Lemma 4.12 with the values of m and x shown below, where mi = 0, 5 or 7 ≤ mi ≤ 16, mi 6= 12, 13. Here
we need Type II switchable (K5n, K4 − e)-designs for n ∈ {m, 5, 7, 8, 9, 10, 11, 14, 15, 16} to fill in the holes and all
of these come from Lemmas 4.9 and 4.11 or by induction.
n = 5m +∑xi=1 mi m x
25, 30 5 1
35, 40, 42, 45, 47, 49, 50 7 3
48, 52− 72 8 4
62− 121 11 6
87− 176 16 6
167− 256 32 6
252− 341 49 6
342− 431 67 6
422− 511 83 6
512− 601 101 6

Lemma 4.14. There exists a Type II switchable (K5n, K4 − e)-design for n ≥ 582.
Proof. Lemma 2.12 guarantees the existence of an (n+1, {8, 9, 10}, 1)-PBD for n ≥ 582. By deleting one point from
this PBD, we create a ({8, 9, 10}, 1)-GDD of order n and of type 7r18r29r3 , where the exponents are non-negative
integers not all equal to zero. We give all points of this GDD weight 5 and apply Construction 2.2 to produce a Type
II switchable (K4 − e, 1)-HD of hole-type 35r140r245r3 , where the needed Type II switchable (K4 − e, 1)-HDs of
hole-types 5s for s = 8, 9, 10 are from Lemma 4.6. Apply Construction 2.4 with a (Kt , K4 − e)-design for t = 35,
40, 45 from Lemma 4.9 to obtain a Type II switchable (K5n, K4 − e)-design. 
Together with Lemmas 4.1, 4.2, 4.9, 4.11, 4.13 and 4.14, we have
Theorem 4.15. There exists a Type II switchable (K5n, K4 − e)-design for any integer n ≥ 1 except for n = 1, 2, 3
and possibly for n ∈ {4, 6, 12, 13, 17, 18, 19, 20, 21, 22, 23, 24, 27, 28, 31, 33, 34, 38}.
4.4. The case of λ > 1
Lemma 4.16. Let q ≥ 5 be an odd prime power and t ≤ (q − 1)/2 a non-negative integer. Then there exists a Type
II switchable (5(Kq+t \ Kt ), K4 − e)-design.
Proof. Let Fq be a finite field with q elements. Let g1, . . . , g(q−1)/2 be all representatives in the quotient group
F∗q /{1,−1}. Choose two elements x, y ∈ F∗q such that x 6= ±y. We construct a Type II switchable (λ(Kq+t \
Kt ), K4 − e)-design (Fq ∪ {∞1, . . . ,∞t },B) by listing the base blocks in (Fq ,+):
[ygi ,∞i , (x + y)gi − xgi ], [ygi , 0, (x + y)gi −∞i ], where i = 1, . . . , t,
[yg j , 0, (x + y)g j − xg j ], where j = t + 1, . . . , (q − 1)/2.
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It is readily checked that (Fq ∪ {∞1, . . . ,∞t },B) is of Type II switchable. 
Lemma 4.17. There exists a Type II switchable (5Kv, K4 − e)-design for any integer v ≥ 4.
Proof. For v = 4, a Type II switchable (5K4, K4 − e)-design (Z3 ∪ {∞},B) is constructed by developing the base
blocks by +1 modulo 3: [0,∞, 1− 2], [1, 2, 0−∞].
By Lemma 4.16, a similar argument as in Lemma 3.13 shows that there exists a Type II switchable (5Kv, K4− e)-
design for any integer v ≥ 4. 
Theorem 4.18. Let λ > 1. There exists a Type II switchable (λKv, K4 − e)-design if and only if λv(v − 1) ≡
0 (mod 10), v ≥ 4.
Proof. The necessity follows from Lemma 2.7. If λ ≡ 0 (mod 5), by Construction 2.5 and Lemma 4.17 the assertion
holds immediately. By Construction 2.5 we remain to deal with the cases of λ = 2 and 3.
For (v, λ) ∈ {(5, 2), (5, 3)}: A Type II switchable (λK5, K4 − e)-design (Z5,B) is constructed by listing all the
blocks as follows:
(v, λ) = (5, 2): [1, 3, 0− 2], [0, 4, 3− 2], [3, 1, 4− 2], [4, 0, 1− 2].
(v, λ) = (5, 3): [1, 3, 0− 2], [2, 4, 1− 0], [0, 2, 3− 1], [1, 4, 0− 3],
[0, 4, 2− 3], [3, 4, 1− 2].
For (v, λ) = (6, 2): A Type II switchable (2K6, K4 − e)-design (Z6,B) is constructed by taking the base block
[2, 5, 0− 4] by +1 modulo 6.
For (v, λ) = (6, 3): A Type II switchable (3K6, K4 − e)-design (Z6,B) is constructed by listing the base blocks
by +2 modulo 6: [2, 5, 0− 3], [2, 1, 0− 5], [2, 3, 0− 1].
For any integer v ≡ 0, 1 (mod 5) and v 6∈ {10, 11, 15, 16, 20, 35, 40, 50, 51, 80}, there exists a (v, {5, 6}, 1)-PBD
from Lemma 2.9. Hence there exists a Type II switchable (λKv, K4− e)-design for λ = 2, 3 by Construction 2.3 with
g = 1.
Applying Construction 2.5 with the results of Theorems 4.8 and 4.15, we have the cases of v = 11, 16, 35, 40, 50,
51, 80.
For (v, λ) ∈ {(10, 2), (10, 3), (20, 2), (20, 3)}: A Type II switchable (λKv, K4 − e)-design (Zv−1 ∪ {∞},B) is
constructed by listing the base blocks by +1 modulo v − 1:
(v, λ) = (10, 2): [0, 1, 4−∞], [0, 4, 2− 1].
(v, λ) = (10, 3): [4,∞, 0− 2], [1, 4, 0− 2], [3, 4, 0− 1].
(v, λ) = (20, 2): [0, 1, 2−∞], [2, 8, 0− 5], [9, 13, 0− 4], [7, 14, 0− 3].
(v, λ) = (20, 3): [1,∞, 0− 2], [1, 5, 0− 3], [2, 8, 0− 5], [8, 12, 0− 3]
[9, 15, 0− 6], [7, 12, 0− 1].
For (v, λ) ∈ {(15, 2), (15, 3)}: A Type II switchable (λKv, K4 − e)-design (Zv,B) is constructed by listing the
base blocks by +5 modulo v:
(v, λ) = (15, 2): [5, 8, 0− 7], [2, 11, 0− 10], [10, 9, 1− 5], [6, 14, 1− 10],
[5, 12, 2− 11], [12, 9, 2− 6], [2, 8, 4− 6], [4, 13, 1− 6],
[11, 12, 3− 1], [6, 5, 3− 8], [13, 4, 2− 3], [12, 8, 0− 13],
[3, 14, 4− 5], [14, 9, 2− 0].
(v, λ) = (15, 3): [2, 11, 0− 10], [5, 2, 1− 0], [5, 8, 0− 6], [5, 12, 1− 11],
[11, 8, 1− 6], [6, 14, 2− 11], [6, 13, 0− 12], [7, 14, 1− 10],
[5, 14, 3− 11], [6, 14, 2− 13], [3, 8, 0− 7], [12, 4, 2− 5],
[5, 14, 4− 2], [9, 13, 3− 7], [12, 2, 4− 8], [9, 11, 4− 13],
[3, 6, 4− 9], [14, 10, 0− 4], [9, 8, 3− 5], [13, 1, 2− 0],
[12, 3, 2− 10].
This completes the proof. 
Summarizing the results of Theorems 4.8, 4.15 and 4.18, we establish Theorem 1.2.
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